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HYPER SPACE COMPLEX NUMBERS
SHANGUANG TAN
Zhejiang University, Hangzhou, China
Abstract. A new kind of numbers called Hyper Space Complex Numbers and
its algebras are defined and proved. It is with good properties as the classic
Complex Numbers, such as expressed in coordinates, triangular and exponent
forms and following the associative and commutative laws of addition and
multiplication. So the classic Complex Number is developed from in complex
plane with two dimensions to in complex space with N dimensions and the
number system is enlarged also.
INTRODUCTION
It’s well known that the numbers are composed of the real and complex numbers.
A pair of numbers is defined in the complex number, and forms a complex plane.
There are some expressions and algebras for the complex numbers. The complex is
important for science.
A new kind of number is defined in this paper on the base of the classic Com-
plex Number and is called Hyper Space Complex Number. Different from the
Hyper-complex Numbers given by Hamilton, Gelasiman or others, it is with good
properties as the classic Complex Numbers, such as expressed in coordinates, tri-
angular and exponent forms and following the associative and commutative laws
of addition and multiplication. The classic Complex Number is developed from in
complex plane with two dimensions to in complex space with N dimensions. When
N=2, it is the classic Complex Numbers, and when N=3, it is the Space Complex
Numbers. The Space Complex Number in polar coordinates system and its alge-
bras are defined and proved in this paper also. Therefore the number system is
enlarged.
1. Definition of Hyper Space Complex Numbers
1.1. Definition. A number s is defined as a Hyper Space Complex Number, and
expressed for in anti-clockwise direction or in clockwise direction as following (See
the proof afterward in this paper)
(1.1) s = a0 +
N−1∑
k=1
ikak
k−1∏
j=1
eijθj = a0 +
N−1∑
k=1
iksk
s = a0 +
N−1∑
k=1
ikak
N−1∏
j=k+1
eijθj = a0 +
N−1∑
k=1
iksk
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where, ik =
√−1 is called the unit of imaginary number and is defined in the
complex plane Crxk . Because ik (k = 1,2,...,N-1) are defined in different complex
planes, ik is the unit imaginary number with directions. sk = ak
∏k−1
j=1 e
ijθj and
sk = ak
∏N−1
j=k+1 e
ijθj are Hyper Space Complex Numbers with k or N-k dimention,
respectively.
The multiplication of the unit of imaginary number ik and an operator e
ijθj
of rotations for in anti-clockwise direction or in clockwise direction are (See proof
afterward in this paper.)
(1.2) ik
k−1∏
j=1
eijθj = ik, k = 2, 3, ..., N − 1
ik
N−1∏
j=k+1
eijθj = ik, k = 1, 2, ..., N − 2
The coefficients a0 and ak are real numbers. a0 is called the real part of s, ak is
called the kth component of imaginary part of s on axis xk. a0 and ak are denoted
a0 = Re s, ak = Im s(k).
1.2. Equal of two Hyper Space Complex numbers. Two Hyper Space Com-
plex numbers, s1 and s2 are equal when and only when their real parts on axis r,
imaginary parts on xk are equal separately. That is, for
s1 = a10 +
N−1∑
k=1
ika1k
k−1∏
j=1
eijθ1j = a10 +
N−1∑
k=1
iks1k
s2 = a20 +
N−1∑
k=1
ika2k
k−1∏
j=1
eijθ2j = a20 +
N−1∑
k=1
iks2k
when and only when there are a10 = a20 and s1k = s2k, there is s1 = s2.
1.3. Modulus of the Hyper Space Complex Number.
|s| =
√√√√N−1∑
k=0
a2k
is called the modulus of the Hyper Space Complex Number s.
1.4. Hyper Space conjugate complex numbers. Define two Hyper Space Com-
plex numbers
s = a0 +
N−1∑
k=1
ikak
k−1∏
j=1
eijθj = a0 +
N−1∑
k=1
iksk
s¯ = a0 −
N−1∑
k=1
ikak
k−1∏
j=1
e−ijθj = a0 −
N−1∑
k=1
iks¯k
then s and s¯ are Hyper Space conjugate complex numbers
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1.5. Argument of the Hyper Space Complex. There are two groups of argu-
ment s for in anti-clockwise direction or in clockwise direction.
(1.3) Args(k) = arctg
ak√
a20 +
∑k−1
j=1 a
2
j
, k = 1, 2, ..., N − 1
(1.4) Args(k) = arctg
ak√
a20 +
∑N−1
j=k+1 a
2
j
, k = 1, 2, ..., N − 1
Argument in formulas (1.3, 1.4) is called the nth component of argument of a
Hyper Space Complex Number s. Therefore, there are infinite nth component of
arguments for a Hyper Space Complex Number, but only one of them is called the
principal nth component of argument for a Hyper Space Complex Number, and is
denoted arg s(n). It satisfies the condition 0 ≤ args(n) < 2pi and there is Arg s(n)
= arg s(n) + 2kpi, k = 0,±1,±2....
2. Expression of Hyper Space Complex Numbers
As the classic complex number, there are some expressions for the Hyper Space
Complex Number s = a0 +
∑N−1
k=1 ikak
∏k−1
j=1 e
ijθj
2.1. Expression in coordinates. According to formula(1.2), there is s = a0 +∑N−1
k=1 ikak. There exists a relation between the Hyper Space Complex number and
the N-dimensional right angular coordinates system.
2.2. Expression in vector. Let express a0 and ak as projections of a vector
→
OP
on axis r and axis xk, then the Hyper Space Complex Number s = a0+
∑N−1
k=1 ikak
is expressed by the vector
→
OP . A point is denoted P
′
, which is on the same plane
formed by the axis r and vector
→
OP and is symmetry about axis r with the point P.
The Hyper Space Complex Number, s¯ = a0 −
∑N−1
k=1 ikak, which is the conjugate
of s, is expressed by the vector
→
OP
′
.
2.3. Expression in triangular. A Hyper Space Complex number is denoted by
triangular functions
(2.1) s = |s|
N−1∏
k=1
(cosθk + iksinθk)
Expand expression (2.1), in anti-clockwise direction or in clockwise direction, we
get
(2.2) s = |s|(
N−1∏
k=1
cosθk +
N−1∑
k=1
iksinθk
k−1∏
j=1
eijθj
N−1∏
j=k+1
cosθj)
(2.3) s = |s|(
N−1∏
k=1
cosθk +
N−1∑
k=1
iksinθk
N−1∏
j=k+1
eijθj
k−1∏
j=1
cosθj)
Comparing the expressions with the formula(1.1), we get two groups of formulas
following and the first group of formulas will be used in discussion afterward.
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(2.4) a0 = |s|
N−1∏
k=1
cosθk
(2.5) ak = |s|sinθk
N−1∏
j=k+1
cosθj , k = 1, 2, ..., N − 1
(2.6) θk = arctg
ak√
a20 +
∑k−1
j=1 a
2
j
, k = 1, 2, ..., N − 1
and
(2.7) a0 = |s|
N−1∏
k=1
cosθk
(2.8) ak = |s|sinθk
k−1∏
j=1
cosθj , k = 1, 2, ..., N − 1
(2.9) θk = arctg
ak√
a20 +
∑N−1
j=k+1 a
2
j
, k = 1, 2, ..., N − 1
where θk is the principal argument arg s(k) of s.
2.4. Expression in exponent. Because of cosθ + isinθ = eiθ , according to for-
mula (2.1), there is
(2.10) s = |s|
N−1∏
k=1
(cosθk + iksinθk) = |s|
N−1∏
k=1
eikθk
3. Algebra of Hyper Space Complex Numbers
As the classic complex number, there are some algebras for the Hyper Space
Complex Number s expressed by formula(1.1)
3.1. Rules of operation in algebra. For Hyper Space Complex Numbers
s1 = a10 +
N−1∑
k=1
ika1k
k−1∏
j=1
eijθ1j = a10 +
N−1∑
k=1
iks1k
s2 = a20 +
N−1∑
k=1
ika2k
k−1∏
j=1
eijθ2j = a20 +
N−1∑
k=1
iks2k
there are
(3.1) s1 ± s2 = (a10 ± a20) +
N−1∑
k=1
ik(s1k ± s2k)
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(3.2) s = s1s2 = (a10 +
N−1∑
k=1
iks1k)(a20 +
N−1∑
k=1
iks2k)
= a0 +
N−1∑
k=1
ikak
k−1∏
j=1
eijθj = a0 +
N−1∑
k=1
iksk
where, according to formulas (2.4, 2.5, 2.6), for k=1,2,...,N-1 (See the proof
afterward in this paper)
(3.3) a0 = a10a20 − a11a21 −
N−1∑
k=2
a1ka2k
k−1∏
j=1
cos(θ1j + θ2j)
(3.4) ak = [a1k
√√√√a220 +
k−1∑
j=1
a22j + a2k
√√√√a210 +
k−1∑
j=1
a21j ]
−a1k+1a2k+1sin(θ1k + θ2k)[1 +
N−k−2∑
i=1
k+i∏
j=k+1
cos(θ1j + θ2j)]
(3.5) θk = θ1k + θ2k
When there are
s1 = a10 +
N−1∑
k=1
ika1k
s2 = a20 +
N−1∑
k=1
ika2k
we get
(3.6) a0 = a10a20 −
N−1∑
k=1
a1ka2k
(3.7) ak = a1k
√√√√a220 +
k−1∑
j=1
a22j + a2k
√√√√a210 +
k−1∑
j=1
a21j
(3.8) θk = θ1k + θ2k
or, according to formulas (2.7, 2.8, 2.9), for k=1,2,...,N-1
(3.9) a0 = a10a20 − a1N−1a2N−1 −
N−2∑
k=1
a1ka2k
N−1∏
j=k+1
cos(θ1j + θ2j)
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(3.10) ak = [a1k
√√√√a220 +
N−1∑
j=k+1
a22j + a2k
√√√√a210 +
N−1∑
j=k+1
a21j ]
−a1k−1a2k−1sin(θ1k + θ2k)[1 +
N−1∑
i=k+2
i∏
j=i−k−1
cos(θ1j + θ2j)]
(3.11) θk = θ1k + θ2k
When there are
s1 = a10 +
N−1∑
k=1
ika1k
s2 = a20 +
N−1∑
k=1
ika2k
we get
(3.12) a0 = a10a20 −
N−1∑
k=1
a1ka2k
(3.13) ak = a1k
√√√√a220 +
N−1∑
j=k+1
a22j + a2k
√√√√a210 +
N−1∑
j=k+1
a21j
(3.14) θk = θ1k + θ2k
Therefore, there is s1s2 = s2s1. The associative and commutative laws of addi-
tion and multiplication exist for the Hyper Space Complex Numbers.
When s1 = s and s2 = s¯, there are
ss¯ = (a0 +
N−1∑
k=1
ikak)(a0 −
N−1∑
k=1
ikak) =
N−1∑
k=0
a2k +
N−1∑
k=1
ik0 = |s|2
(3.15) s = s1 ÷ s2 = (a10 +
N−1∑
k=1
iks1k)÷ (a20 +
N−1∑
k=1
iks2k)
=
1
|s2|2 (a10 +
N−1∑
k=1
iks1k)(a20 −
N−1∑
k=1
iks¯2k)
= a0 +
N−1∑
k=1
ikak
k−1∏
j=1
eijθj = a0 +
N−1∑
k=1
iksk
where, according to formulas (2.4, 2.5, 2.6), for k=1,2,...,N-1
(3.16) a0 =
1
|s2|2 [a10a20 + a11a21 +
N−1∑
k=2
a1ka2k
k−1∏
j=1
cos(θ1j + θ2j)]
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(3.17) ak =
1
|s2|2 {[a1k
√√√√a220 +
k−1∑
j=1
a22j − a2k
√√√√a210 +
k−1∑
j=1
a21j ]
+a1k+1a2k+1sin(θ1k + θ2k)[1 +
N−k−2∑
i=1
k+i∏
j=k+1
cos(θ1j + θ2j)]
(3.18) θk = θ1k + θ2k
When there are
s1 = a10 +
N−1∑
k=1
ika1k
s2 = a20 +
N−1∑
k=1
ika2k
we get
(3.19) a0 =
1
|s2|2 (a10a20 +
N−1∑
k=1
a1ka2k)
(3.20) ak =
1
|s2|2 (a1k
√√√√a220 +
k−1∑
j=1
a22j − a2k
√√√√a210 +
k−1∑
j=1
a21j)
(3.21) θk = θ1k − θ2k
or, according to formulas (2.7, 2.8, 2.9), for k=1,2,...,N-1
(3.22) a0 =
1
|s2|2 [a10a20 + a1N−1a2N−1 +
N−2∑
k=1
a1ka2k
N−1∏
j=k+1
cos(θ1j + θ2j)]
(3.23) ak =
1
|s2|2 {[a1k
√√√√a220 +
N−1∑
j=k+1
a22j − a2k
√√√√a210 +
N−1∑
j=k+1
a21j ]
+a1k−1a2k−1sin(θ1k + θ2k)[1 +
N−1∑
i=k+2
i∏
j=i−k−1
cos(θ1j + θ2j)]
(3.24) θk = θ1k + θ2k
When there are
s1 = a10 +
N−1∑
k=1
ika1k
8 SHANGUANG TAN
s2 = a20 +
N−1∑
k=1
ika2k
we get
(3.25) a0 =
1
|s2|2 (a10a20 +
N−1∑
k=1
a1ka2k)
(3.26) ak =
1
|s2|2 (a1k
√√√√a220 +
N−1∑
j=k+1
a22j − a2k
√√√√a210 +
N−1∑
j=k+1
a21j)
(3.27) θk = θ1k − θ2k
Let
s3 = a30 +
N−1∑
k=1
ika3k
k−1∏
j=1
eijθ3j = a30 +
N−1∑
k=1
iks3k
there is
s1 ∗ s3 + s2 ∗ s3 = (a10 +
N−1∑
k=1
iks1k) ∗ s3 + (a20 +
N−1∑
k=1
iks2k) ∗ s3
= [(a10 +
N−1∑
k=1
iks1k) + (a20 +
N−1∑
k=1
iks2k)] ∗ s3k
= [(a10 + a20) +
N−1∑
k=1
ik(s1k + s2k)] ∗ s3k
= (s1 + s2) ∗ s3
Therefore, the distributive law of addition and multiplication exists for the Hyper
Space Complex Numbers.
3.2. Rules of operation in triangular. For two Hyper Space Complex Numbers
s1 = |s1|
N−1∏
k=1
(cosθ1k + iksinθ1k)
s2 = |s2|
N−1∏
k=1
(cosθ2k + iksinθ2k)
(3.28) s1s2 = |s1|
N−1∏
k=1
(cosθ1k + iksinθ1k)|s2|
N−1∏
k=1
(cosθ2k + iksinθ2k)
= |s1||s2|
N−1∏
k=1
[cos(θ1k + θ2k) + iksin(θ1k + θ2k)]
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Therefore, there is s1s2 = s2s1. The associative and commutative laws of mul-
tiplication exist in triangular form for the Hyper Space Complex Numbers.
(3.29) s1 ÷ s2 = |s1||s2|
N−1∏
k=1
(cosθ1k + iksinθ1k)
N−1∏
k=1
(cosθ2k − iksinθ2k)
=
|s1|
|s2|
N−1∏
k=1
[cos(θ1k − θ2k) + iksin(θ1k − θ2k)]
Therefore, when s = s1 = s2 = ... = sn, according to formula (3.28), there are
(3.30) sn = |s|n
N−1∏
k=1
(cosnθk + iksinnθk)
(3.31) s
1
n = |s| 1n
N−1∏
k=1
(cos
θk + 2mpi
n
+ iksin
θk + 2mpi
n
),m = 1, 2, ..., n− 1
3.3. Rules of operation in exponent. For two Hyper Space Complex Numbers,
s1 = |s1|
N−1∏
k=1
eikθ1k , s2 = |s2|
N−1∏
k=1
eikθ2k
there are
(3.32) s1s2 = |s1|
N−1∏
k=1
eikθ1k ∗ |s2|
N−1∏
k=1
eikθ2k = |s1| ∗ |s2|
N−1∏
k=1
eik(θ1k+θ2k)
Therefore, there is s1 ∗ s2 = s2 ∗ s1. The associative and commutative laws of
multiplication exist in exponent form for the Hyper Space Complex Numbers.
(3.33) s1 ÷ s2 = |s1|
N−1∏
k=1
eikθ1k ÷ (|s2|
N−1∏
k=1
eikθ2k) =
|s1|
|s2|
N−1∏
k=1
eik(θ1k−θ2k)
Therefore, when s = s1 = s2 = ... = sn, there are
(3.34) sn = |s|n
N−1∏
k=1
eiknθk
(3.35) s
1
n = |s| 1n
N−1∏
k=1
eik
θk+2mpi
n ,m = 1, 2, ..., n− 1
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4. Proof of Hyper Space Complex Numbers
4.1. Proof of Definition of Hyper Space Complex Numbers. A Hyper Space
rectangular coordinates system could be defined as a rectangular coordinates system
with N dimensions and composed of N-1 complex planes or N-2 complex spaces
composed of Space Complex Numbers with three dimensions. A complex plane
denoted Crxk = C(r, ikxk) is composed of axis r which is defined as the real axis,
and axis xk (k=1,2,...,N-1) which is defined as the imaginary axis. The axis r and
xk form a Hyper Space rectangular coordinates system. On Crxk , any point could
be denoted Prxk = (a0, ikak) or expressed as srxk = a0 + ikak. The ordinates of a
point P (a0, a1, ..., aN−1) on the Hyper Space rectangular coordinates system could
be considered as the combination of N-1 movements of the point.
Let define ij =
√−1 as the unit of imaginary number of axis xj and define an
operator of rotations and denote it eijθj which means a rotation on a complex plane
Cj .
First, when beginning, the point Pr = a00 is on the axis r with a length
r, and is rotated θ1 angular degrees on the complex plane C1 = Crx1 , and a
new point Prx1 = (a10, i1a11) is formed and denoted re
i1θ1 . Then, the point
Prx1 = (a10, i1a11) is rotated θ2 angular degrees on the complex plane C2 com-
posed of point Prx1 and axis x2, and a new point Prx1x2 = (a20, i1a21, i2a22) is
formed and denoted rei1θ1ei2θ2 . In this way, finally, the point Prx1x2...xN−2 =
(aN−2,0, i1aN−2,1, i2aN−2,2, ..., iN−2aN−2,N−2) is rotated θN−1 angular degrees on
the complex plane CN−1 composed of point Prx1x2...xN−2 and axis xN−1, and
a new point P (a0, a1, ..., aN−1) is formed in the complex space C and denoted
r
∏N−1
j=1 e
ijθj .
On the other hand, the N-1 movements of the point Pr = a00 could be in other
ways. In another way, first, point Pr = a00 is rotated θN−1 angular degrees on
the complex plane CrxN−1, and a new point PrxN−1 = (aN+1,0, iN−1aN+1,N−1) is
formed and denoted reiN−1θN−1. Then, the point PrxN−1 is rotated θN−2 angular
degrees on the complex plane composed of point PrxN−1 and axis xN−2, and a
new point PrxN−2xN−1 = (aN+2,0, iN−2aN+2,N−2, iN−1aN+2,N−1) is formed and
denoted reiN−2θN−2eiN−1θN−1. In this way, finally, the point Prx2...xN−1 is rotated
θ1 angular degrees on the complex plane composed of point Prx2...xN−1 and axis x1,
and a new point P (a0, a1, ..., aN−1) is formed in the complex space C and denoted
r
∏N−1
j=1 e
ijθj .
As defined above, ij =
√−1 is the unit of imaginary number of axis xj and an
operator of rotations denoted eijθj means the rotation on Cj . Because Cj is perpen-
dicular or orthogonal to axis xk (k=j+1,j+2,...,N-1), axis xk could be considered
as a axis of the rotation on Cj . Because there is no change for any point on axis
xk, when it rotates any angular degrees around axis xk, therefore, in anti-clockwise
direction, there is
(4.1) ike
ijθj = ik, j = 1, 2, ..., N − 2, k = j + 1, j + 2, ..., N − 1
or in clockwise direction, there is
(4.2) ike
ijθj = ik, j = 2, ..., N − 1, k = 1, 2, ..., j − 1
and for a real number r, there is
HYPER SPACE COMPLEX NUMBERS 11
(4.3) reijθj = r(cosθj + ijsinθj)
In these movements disccussed above,
∏k−1
j=1 e
ijθj or
∏N−1
j=k+1 e
ijθj means a point
P in a complex space. The point P and axis r compose a complex plane Ck−1.
Because axis r and axis xk−1 are perpendicular or orthogonal to axis xk, and the
point P is on the complex plane Crxk−1 composed by axis r and axis xk−1, therefore,
Ck−1 is perpendicular or orthogonal to axis xk. Hence axis xk could be considered
as a axis of the rotation on Ck−1. Because there is no change for any point on axis
xk, when it rotates any angular degrees around axis xk, therefore, in anti-clockwise
direction, there is
(4.4) ik
k−1∏
j=1
eijθj = ik, k = 2, 3, ..., N − 1
or in clockwise direction, there is
(4.5) ik
N−1∏
j=k+1
eijθj = ik, k = 1, 2, ..., N − 2
So a Hyper Space Complex Number s could be denoted
(4.6) s = |s|
N−1∏
k=1
eikθk
or
(4.7) s = |s|
N−1∏
k=1
(cosθk + iksinθk)
or, in anti-clockwise direction
(4.8) s = a0 +
N−1∑
k=1
ikak
k−1∏
j=1
eijθj = a0 +
N−1∑
k=1
iksk
or, in clockwise direction
(4.9) s = a0 +
N−1∑
k=1
ikak
N−1∏
j=k+1
eijθj = a0 +
N−1∑
k=1
iksk
where ak means the length and direction on axis xk,
∏k−1
j=1 e
ijθj or
∏N−1
j=k+1 e
ijθj
means the contributions of the perpendicular or orthogonal vectors on axis xj to
xk and form compoments of ak. Because these compoments of ak are from different
axis xj , the addition of these compoments of ak should follow the law of addition
of vectors and not be simple addtions of these compoments of ak.
A complex space Crx1x2...xN−1 is formed by Hyper Space Complex Numbers.
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4.2. Proof of Coefficients of Multination of Hyper Space Complex Num-
bers. According to formula(1.2) and formulas (2.4, 2.5, 2.6), Let us expand Equa-
tion(3.2) and there is,
(4.10) s = s1s2 = (a10 +
N−1∑
k=1
iks1k)(a20 +
N−1∑
k=1
iks2k)
= (a10 +
N−2∑
k=1
iks1k)(a20 +
N−2∑
k=1
iks2k)
+iN−1[s1N−1(a20 +
N−2∑
k=1
iks2k) + s2N−1(a10 +
N−2∑
k=1
iks1k)]
−s1N−1s2N−1
= (a10 +
N−3∑
k=1
iks1k)(a20 +
N−3∑
k=1
iks2k)
+
N−1∑
k=N−2
ik[s1k(a20 +
k−1∑
j=1
ijs2j) + s2k(a10 +
k−1∑
j=1
ijs1j)]
−
N−1∑
k=N−2
s1ks2k
In this way, we get
s = s1s2 = a10a20 −
N−1∑
k=1
s1ks2k
+
N−1∑
k=1
ik[s1k(a20 +
k−1∑
j=1
ijs2j) + s2k(a10 +
k−1∑
j=1
ijs1j)]
= a10a20 −
N−1∑
k=1
(a1k
k−1∏
j=1
eijθ1j )(a2k
k−1∏
j=1
eijθ2j )
+
N−1∑
k=1
ik[(a1k
k−1∏
j=1
eijθ1j )
√√√√a220 +
k−1∑
j=1
a22j
k−1∏
j=1
eijθ2j
+(a2k
k−1∏
j=1
eijθ2j )
√√√√a210 +
k−1∑
j=1
a21j
k−1∏
j=1
eijθ1j ]
= a10a20 − a11a21 −
N−2∑
k=1
a1k+1a2k+1cos(θ1k + θ2k)
k−1∏
j=1
eij(θ1j+θ2j)
+
N−1∑
k=1
ik[a1k
√√√√a220 +
k−1∑
j=1
a22j + a2k
√√√√a210 +
k−1∑
j=1
a21j]
k−1∏
j=1
eij(θ1j+θ2j)
−
N−2∑
k=1
ika1k+1a2k+1sin(θ1k + θ2k)
k−1∏
j=1
eij(θ1j+θ2j)
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= a10a20 − a11a21 −
N−1∑
k=2
a1ka2k
k−1∏
j=1
cos(θ1j + θ2j)
+
N−1∑
k=1
ik[a1k
√√√√a220 +
k−1∑
j=1
a22j + a2k
√√√√a210 +
k−1∑
j=1
a21j]
k−1∏
j=1
eij(θ1j+θ2j)
−
N−2∑
k=1
ika1k+1a2k+1sin(θ1k + θ2k)
k−1∏
j=1
eij(θ1j+θ2j)
[1 +
N−k−2∑
i=1
k+i∏
j=k+1
cos(θ1j + θ2j)]
Comparing with
s = a0 +
N−1∑
k=1
ikak
k−1∏
j=1
eijθj = a0 +
N−1∑
k=1
iksk
So, we get
(4.11) a0 = a10a20 − a11a21 −
N−1∑
k=2
a1ka2k
k−1∏
j=1
cos(θ1j + θ2j)
(4.12) sk = {[a1k
√√√√a220 +
k−1∑
j=1
a22j + a2k
√√√√a210 +
k−1∑
j=1
a21j ]
−a1k+1a2k+1sin(θ1k + θ2k)[1 +
N−k−2∑
i=1
k+i∏
j=k+1
cos(θ1j + θ2j)]}
k−1∏
j=1
eij(θ1j+θ2j)
(4.13) ak = [a1k
√√√√a220 +
k−1∑
j=1
a22j + a2k
√√√√a210 +
k−1∑
j=1
a21j ]
−a1k+1a2k+1sin(θ1k + θ2k)[1 +
N−k−2∑
i=1
k+i∏
j=k+1
cos(θ1j + θ2j)]
(4.14) θk = θ1k + θ2k
When there are
s1 = a10 +
N−1∑
k=1
ika1k
s2 = a20 +
N−1∑
k=1
ika2k
we get
14 SHANGUANG TAN
(4.15) a0 = a10a20 −
N−1∑
k=1
a1ka2k
(4.16) sk = a1k(a20 +
k−1∑
j=1
ija2j) + a2k(a10 +
k−1∑
j=1
ija1j)
= (a1k
k−1∏
j=1
eijθ1j )
√√√√a220 +
k−1∑
j=1
a22j
k−1∏
j=1
eijθ2j
+(a2k
k−1∏
j=1
eijθ2j )
√√√√a210 +
k−1∑
j=1
a21j
k−1∏
j=1
eijθ1j
= [a1k
√√√√a220 +
k−1∑
j=1
a22j + a2k
√√√√a210 +
k−1∑
j=1
a21j ]
k−1∏
j=1
eij(θ1j+θ2j)
(4.17) ak = a1k
√√√√a220 +
k−1∑
j=1
a22j + a2k
√√√√a210 +
k−1∑
j=1
a21j
(4.18) θk = θ1k + θ2k
According to formula(1.2) and formulas (2.7, 2.8, 2.9), Let expand Equation(3.2)
and there is,
(4.19) s = s1s2 = (a10 +
N−1∑
k=1
iks1k)(a20 +
N−1∑
k=1
iks2k)
= (a10 +
N−1∑
k=2
iks1k)(a20 +
N−1∑
k=2
iks2k)
+i1[s11(a20 +
N−1∑
k=2
iks2k) + s21(a10 +
N−1∑
k=2
iks1k)]
−s11s21
= (a10 +
N−1∑
k=3
iks1k)(a20 +
N−1∑
k=3
iks2k)
+
2∑
k=1
ik[s1k(a20 +
N−1∑
j=k+1
ijs2j) + s2k(a10 +
N−1∑
j=k+1
ijs1j)]
−
2∑
k=1
s1ks2k
In this way, we get
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s = s1s2 = a10a20 −
N−1∑
k=1
s1ks2k
+
N−1∑
k=1
ik[s1k(a20 +
N−1∑
j=k+1
ijs2j) + s2k(a10 +
N−1∑
j=k+1
ijs1j)]
= a10a20 − a1N−1a2N−1 −
N−2∑
k=1
a1ka2k
N−1∏
j=k+1
cos(θ1j + θ2j)
+
N−1∑
k=1
ik[a1k
√√√√a220 +
N−1∑
j=k+1
a22j + a2k
√√√√a210 +
N−1∑
j=k+1
a21j ]
N−1∏
j=k+1
eij(θ1j+θ2j)
−
N−1∑
k=2
ika1k−1a2k−1sin(θ1k + θ2k)
N−1∏
j=k+1
eij(θ1j+θ2j)
[1 +
N−1∑
i=k+2
i∏
j=i−k−1
cos(θ1j + θ2j)]
Comparing with
s = a0 +
N−1∑
k=1
ikak
N−1∏
j=k+1
eijθj = a0 +
N−1∑
k=1
iksk
So, we get
(4.20) a0 = a10a20 − a1N−1a2N−1 −
N−2∑
k=1
a1ka2k
N−1∏
j=k+1
cos(θ1j + θ2j)
(4.21) sk = {[a1k
√√√√a220 +
N−1∑
j=k+1
a22j + a2k
√√√√a210 +
N−1∑
j=k+1
a21j ]
−a1k−1a2k−1sin(θ1k + θ2k)[1 +
N−1∑
i=k+2
i∏
j=i−k−1
cos(θ1j + θ2j)]}
N−1∏
j=k+1
eij(θ1j+θ2j)
(4.22) ak = [a1k
√√√√a220 +
N−1∑
j=k+1
a22j + a2k
√√√√a210 +
N−1∑
j=k+1
a21j ]
−a1k−1a2k−1sin(θ1k + θ2k)[1 +
N−1∑
i=k+2
i∏
j=i−k−1
cos(θ1j + θ2j)]
(4.23) θk = θ1k + θ2k
When there are
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s1 = a10 +
N−1∑
k=1
ika1k
s2 = a20 +
N−1∑
k=1
ika2k
we get
(4.24) a0 = a10a20 −
N−1∑
k=1
a1ka2k
(4.25) sk = a1k(a20 +
N−1∑
j=k+1
ija2j) + a2k(a10 +
N−1∑
j=k+1
ija1j)
= (a1k
N−1∏
j=k+1
eijθ1j )
√√√√a220 +
N−1∑
j=k+1
a22j
N−1∏
j=k+1
eijθ2j
+(a2k
N−1∏
j=k+1
eijθ2j )
√√√√a210 +
N−1∑
j=k+1
a21j
N−1∏
j=k+1
eijθ1j
= [a1k
√√√√a220 +
N−1∑
j=k+1
a22j + a2k
√√√√a210 +
N−1∑
j=k+1
a21j ]
N−1∏
j=k+1
eij(θ1j+θ2j)
(4.26) ak = a1k
√√√√a220 +
N−1∑
j=k+1
a22j + a2k
√√√√a210 +
N−1∑
j=k+1
a21j
(4.27) θk = θ1k + θ2k
5. Definition of Space Complex Numbers In Polar Coordinates
System
5.1. Definition. A number s is defined as a space complex number, and expressed
as following (See the proof afterward in this paper)
(5.1) s = a+ ib+ jceiθ = a+ ib+ j(cr + ici)
where, i =
√−1 is called the unit of imaginary number and is defined in the complex
plane Cxy, j=i*ij is called the unit of slave imaginary number, ij =
√−1 is called
the unit of imaginary number and is defined in the complex plane Cyz. Because
i and ij are defined in different complex planes, i and ij are the units imaginary
number with directions. And j is a unit of slave imaginary number with direction
also. Therefore, j = i ∗ ij 6=
√−1 ∗ √−1 = −1.
The coefficients a, b and c are real numbers, and a is called the real part of s, b
is called the master imaginary part of s and c is called the slave imaginary part of
s. The numbers a, b and c are denoted a = Re s, b = Imm s and c = Ims s.
The coefficient cr is a compoment of c and means a point on axis x with length
cr rotates
pi
2 angular degrees to axis z, and ci is a compoment of c and means a
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point on axis y with length ci rotates
pi
2 angular degrees to axis z. Because these
compoments of c are from different axis, the addition of these compoments of c
should follow the law of addition of two vectors.
5.2. Power of the unit of slave imaginary number.
(5.2) j = i ∗ ij, j2 = −1, j3 = −j, j4 = 1
(5.3) j4n+1 = j, j4n+2 = −1, j4n+3 = −j, j4n = 1, n = ±1,±2, ...
(See the proof afterward in this paper.)
5.3. Multination of real part and complex exponent eijϕ. By the proof
afterward in this paper, when a real part multiplied by a complex exponent eijϕ,
the complex exponent eijϕ is an operator of rotations, and there is
(5.4) aeijϕ = a
The multiplication of the unit of imaginary number j and an operator eiθ of
rotations is (See proof afterward in this paper.)
(5.5) jeiθ = j
5.4. Equal of two Space Complex numbers. Two Space Complex numbers, s1
and s2 are equal when and only when their real parts on axis x, imaginary parts
on y and z are equal separately. That is, for
s1 = a1 + ib1 + jc1e
iθ1 = a1 + ib1 + j(c1r + ic1i)
s2 = a2 + ib2 + jc2e
iθ2 = a2 + ib2 + j(c2r + ic2i)
when and only when there are a1 = a2, b1 = b2, c1 = c2, and θ1 = θ2 or c1r = c2r
and c1i = c2i, there is s1 = s2.
5.5. Modulus of the Hyper Space Complex Number.
|s| =
√
a2 + b2 + c2
is called the modulus of the Space Complex Number s.
5.6. Space conjugate complex numbers. Define two Space Complex numbers
s = a+ ib+ jceiθ
s¯ = a− ib− jce−iθ
then s and s¯ are Space conjugate complex numbers.
5.7. Argument of the Space Complex Number.
(5.6) Args = arctg
r
a
, r =
√
b2 + c2
is called the argument or master argument of a space complex s. Therefore,
there are infinite arguments for a space complex, but only one of them is called
the principal argument for a space complex, and is denoted arg s. It satisfies the
condition 0 ≤ args < 2pi and there is Arg s = arg s + 2kpi, k = 0,±1,±2....
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5.8. Slave argument of the Space Complex Number.
(5.7) ArgIms = arctg
c
b
is called the slave argument of a space complex s. Therefore, there are infinite
arguments for a space complex, but only one of them is called the slave principal
argument for a space complex, and is denoted arg Im s. It satisfies the condition
0 ≤ argIms < 2pi and there is Arg Im s = arg Im s + 2kpi, k = 0,±1,±2....
6. Expression of Space Complex Numbers In Polar Coordinates
System
As the classic complex number, there are some expressions for the Space Complex
Number s expressed by formula(5.1).
6.1. Expression in coordinates. According to formula(5.5), there is s=a+ib+jc.
There exists a relation between the Space Complex number and the 3-dimensional
right angular coordinates system.
6.2. Expression in vector. Let express a, b and c as projections of a vector
→
OP
on axis x, y and z, then the Space Complex Number s=a+ib+jc is expressed by the
vector
→
OP . A point is denoted P
′
, which is on the same plane formed by the axis x
and vector
→
OP and is symmetry about axis x with the point P. The Space Complex
Number, s¯=s=a-ib-jc, which is the conjugate of s, is expressed by the vector
→
OP
′
.
6.3. Expression in triangular. A Space Complex number is denoted by trian-
gular functions
(6.1) s = |s|(cosθ + isinθcosϕ+ jsinθsinϕ)
Compares with the expression s=a+ib+jc, there are.
(6.2) a = |s|cosθ
(6.3) b = |s|sinθcosϕ
(6.4) c = |s|sinθsinϕ
These are the coordinates of a polar coordinates system. Therefore, there are
(6.5) θ = arctg
r
a
, r =
√
b2 + c2
(6.6) ϕ = arctg
c
b
where θ is the master principal argument arg s of s and ϕ is the slave principal
argument arg Im s of s.
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6.4. Expression in exponent. According to formula (5.4,6.1), there is
(6.7) s = |s|(cosθ + isinθcosϕ+ jsinθsinϕ)
= |s|(eijϕcosθ + isinθcosϕ+ jsinθsinϕ)
= |s|(cosθ + isinθ)eijϕ = |s|eiθeijϕ
7. Algebra of Space Complex Numbers In Polar Coordinates System
As the classic complex number, there are some algebras for the Space Complex
Number s expressed by formula(5.1)
7.1. Rules of operation in algebra. For Space Complex Numbers
s1 = a1 + ib1 + jc1e
iθ1 = a1 + ib1 + j(c1r + ic1i)
s2 = a2 + ib2 + jc2e
iθ2 = a2 + ib2 + j(c2r + ic2i)
there are
(7.1) s1 ± s2 = (a1 ± a2) + i(b1 ± b2) + j[(c1r ± c2r) + i(c1i ± c2i)]
(7.2) s = s1 ∗ s2 = (a1 + ib1 + jc1eiθ1) ∗ (a2 + ib2 + jc2eiθ2)
= a1a2 − b1b2 + (jc1eiθ1)(jc2eiθ2)
+i(b1a2 + b2a1)
+j[c1e
iθ1(a2 + ib2) + c2e
iθ2(a1 + ib1)]
= a1a2 − b1b2 − c1rc2r + c1ic2i
+i(b1a2 + b2a1 − c1rc2i − c1ic2r)
+j[c1e
iθ1(a2 + ib2) + c2e
iθ2(a1 + ib1)]
= a+ ib+ jceiθ
where, according to formulas (6.2, 6.3, 6.4) and let r1 =
√
a21 + b
2
1, r2 =
√
a22 + b
2
2
ceiθ = c1e
iθ1(a2 + ib2) + c2e
iθ2(a1 + ib1)
= (c1r2 + c2r1)e
i(θ1+θ2)
cr + ici = (c1r + ic1i)(a2 + ib2) + (c2r + ic2i)(a1 + ib1)
= c1ra2 − c1ib2 + i(c1ia2 + c1rb2) + c2ra1 − c2ib1 + i(c2ia1 + c2rb1)
= (c1ra2 + c2ra1)− (c1ib2 + c2ib1) + i(c1ia2 + c2ia1 + c1rb2 + c2rb1)
So, we get
(7.3) a = a1a2 − b1b2 − c1rc2r + c1ic2i
(7.4) b = b1a2 + b2a1 − c1rc2i − c1ic2r
(7.5) c = c1r2 + c2r1
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(7.6) θ = θ1 + θ2
(7.7) cr = c1ra2 + c2ra1 − c1ib2 − c2ib1,
ci = c1ia2 + c2ia1 + c1rb2 + c2rb1
Therefore, there is s1s2 = s2s1. The associative and commutative laws of addi-
tion and multiplication exist for the Space Complex Numbers.
When s1 = s and s2 = s¯, there are
s ∗ s¯ = (a+ ib+ jceiθ) ∗ (a− ib− jce−iθ) = a2 + b2 + c2 + i0 + j0 = |s|2
(7.8) s = s1 ÷ s2 = (a1 + ib1 + jc1eiθ1)÷ (a2 + ib2 + jc2eiθ2)
=
1
|s2|2 (a1 + ib1 + jc1e
iθ1) ∗ (a2 − ib2 − jc2e−iθ2)
=
1
|s2|2 (a1a2 + b1b2 + c1rc2r + c1ic2i)
+i
1
|s2|2 ((b1a2 − b2a1 + c1rc2i − c1ic2r)
+j
1
|s2|2 [c1e
iθ1(a2 − ib2)− c2e−iθ2(a1 + ib1)]
= a+ ib+ jceiθ
where, according to formulas (6.2, 6.3, 6.4),
ceiθ =
1
|s2|2 [c1e
iθ1(a2 − ib2)− c2e−iθ2(a1 + ib1)]
=
1
|s2|2 [c1e
iθ1r2e
−iθ2 − c2e−iθ2r1eiθ1 ]
=
1
|s2|2 (c1r2 − c2r1)e
i(θ1−θ2)
cr + ici = (c1r + ic1i)(a2 − ib2)− (c2r − ic2i)(a1 + ib1)
= c1ra2 + c1ib2 + i(c1ia2 − c1rb2)− c2ra1 − c2ib1 + i(c2ia1 − c2rb1)
= (c1ra2 − c2ra1) + (c1ib2 + c2ib1) + i[(c1ia2 + c2ia1)− (c1rb2 + c2rb1)]
So, we get
(7.9) a =
1
|s2|2 (a1a2 + b1b2 + c1rc2r + c1ic2i)
(7.10) b =
1
|s2|2 (b1a2 + b2a1 + c1rc2i − c1ic2r)
(7.11) c =
1
|s2|2 (c1r2 − c2r1)
(7.12) θ = θ1 − θ2
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(7.13) cr = (c1ra2 − c2ra1) + (c1ib2 − c2ib1)
ci = (c1ia2 + c2ia1)− (c1rb2 + c2rb1)
Let
s3 = a3 + ib3 + jc3e
iθ3 = a3 + ib3 + j(c3r + ic3i)
there is
s1 ∗ s3 + s2 ∗ s3 = [a1 + ib1 + j(c1r + ic1i)] ∗ s3
+[a2 + ib2 + j(c2r + ic2i)] ∗ s3
= [a1 + ib1 + j(c1r + ic1i) + (a2 + ib2 + j(c2r + ic2i)] ∗ s3k
= [(a1 + a2) + i(b1 + b2) + j(c1r + c2r + ic1i + ic2i)] ∗ s3k
= (s1 + s2) ∗ s3
Therefore, the distributive law of addition and multiplication exists for the Space
Complex Numbers.
7.2. Rules of operation in triangular. For two Space Complex Numbers
s1 = |s1|(cosθ1 + isinθ1cosϕ1 + jsinθ1sinϕ1)
s2 = |s2|(cosθ2 + isinθ2cosϕ2 + jsinθ2sinϕ2)
According to isinθcosϕ+ jsinθsinϕ = isinθeijϕ and the formular(5.4), there is
(7.14) s1 ∗ s2 = |s1||s2|[cos(θ1 + θ2)
+isin(θ1 + θ2)cos(ϕ1 + ϕ2)
+jsin(θ1 + θ2)sin(ϕ1 + ϕ2)]
Therefore, there is s1 ∗ s2 = s2 ∗ s1. The associative and commutative laws
of multiplication exist in triangular form for the Space Complex Number in polar
coordinates system.
Same as above, there is
(7.15) s1 ÷ s2 = |s1||s2| [cos(θ1 − θ2)
+isin(θ1 − θ2)cos(ϕ1 − ϕ2)
+jsin(θ1 − θ2)sin(ϕ1 − ϕ2)]
Therefore, when s = s1 = s2 = ... = sn, , according to formula (7.14), there are
(7.16) sn = |s|n(cosnθ + isinnθcosnϕ+ jsinnθsinnϕ)
(7.17) s
1
n = |s| 1n (cosθ + 2mpi
n
+isin
θ + 2mpi
n
cos
ϕ+ 2mpi
n
+jsin
θ+ 2mpi
n
sin
ϕ+ 2mpi
n
)
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m = 1, 2, ..., n− 1
7.3. Rules of operation in exponent. For two Space Complex Numbers,
s1 = |s1|eiθ1eijϕ1
s2 = |s2|eiθ2eijϕ2
there is
(7.18) s1 ∗ s2 = |s1|eiθ1eijϕ1 ∗ |s2|eiθ2eijϕ2
= |s1| ∗ |s2|ei(θ1+θ2)eij(ϕ1+ϕ2)
Therefore, there is s1 ∗ s2 = s2 ∗ s1. The associative and commutative laws
of multiplication exist in exponent form for the Space Complex Number in polar
coordinates system.
(7.19) s1 ÷ s2 = |s1|eiθ1eijϕ1 ÷ (|s2|eiθ2eijϕ2)
=
|s1|
|s2|e
i(θ1−θ2)eij(ϕ1−ϕ2)
Therefore, when s = s1 = s2 = ... = sn, there are
(7.20) sn = |s|neinθeijnϕ
(7.21) s
1
n = |s| 1n ei θ+2mpin eij ϕ+2mpin
m = 1, 2, ..., n− 1
8. Proof of Space Complex Numbers In Polar Coordinates System
8.1. Proof of Definition of Space Complex Numbers In Polar Coordinates
System. A polar coordination could be composed of two complex planes, one is
the complex plane Cxy=C(x, iy) composed of axis x and axis y and another is
the complex plane Cyz=C(y, jz) composed of axis y and axis z. On Cxy, any point
could be denoted Pxy=(a, ib) or expressed as sxy=a+ib. On Cyz , any point could be
denoted Pyz=(ib, jc) or expressed as syz=ib+jc. The ordinates of a point Pxyz=P(a,
ib, jc) on a polar coordinates system, could be considered as the combination of
two movements of the point.
First, when beginning, the point Px = a0, is on the axis x, and is rotated
θ angular degrees on the complex plane Cxy, and a new point Pxy = (a, ib1) is
formed. Then, the point Pxy is rotate ϕ angular degrees on the complex plane
Cyz, and a new point Pyz=(ib, jc) is formed, and at the same time, a new point
Pxyz=P(a, ib, jc) is formed in the complex space. At the second movement, the
rotation of the point Pxy=(a, ib) could be considered as the rotation of the complex
plane Cxy around axis x for ϕ angular degrees, or the self-rotation of its component
a on axis x around axis x and the rotation of its component b on axis y around axis
x on complex plane Cyz for ϕ angular degrees. Therefore, a point, Pxyz=P(a, ib,
jc), is formed by the two movements, and a space complex number s is denoted s =
a+i(b+ijc) = a+ib+i∗ijc. Let denote j = i∗ij, there is s = a+ib+i∗ijc=a+ib+jc.
and s is called space complex number. A complex space Cxyz is formed by Space
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Complex Numbers. So a Space Complex Number in polar coordinates system could
be denoted s = a+ ib+ jceiθ
8.2. Proof of power of slave imaginary unit. For the polar coordinates system,
as discussed above, the slave imaginary unit j = i∗ ij, is an expression of the axis z,
which is in the complex plane Cyz or in the complex space Cxyz, At the same time,
the slave imaginary unit j = i ∗ ij is also in the complex plane Cxz, and could be
considered as that a point Px on axis x rotes 90 angular degrees from axis x to axis
z around axis y. Therefore the square power of the slave imaginary unit j means
that a point Px on axis x rotes 180 angular degrees from plus axis x to minus axis
x around axis y and there is j*j=-1. So, there are
(8.1) j = i ∗ ij, j2 = −1, j3 = −j, j4 = 1
(8.2) j4n+1 = j, j4n+2 = −1, j4n+3 = −j, j4n = 1, n = ±1,±2, ...
8.3. Proof of multination of real part on axis x and complex exponent
eijϕ. In a polar coordinates system discussed above, on the complex plan composed
of axis y and z, let define an operator of rotations and denote it eijϕ which means
a rotation ϕ around axis x. Because there is no change for any point on axis x
when it rotes any angular degrees around axis x, there is aeijϕ = a for a point
Px = (a, 0, 0) on axis x.
8.4. Proof of multination of imaginary number j on axis z and an operator
eiθ. As defined above, an operator of rotations denoted eiθ means the rotation on
Cxy. Because Cxy is perpendicular to axis z, axis z could be considered as a axis
of the rotation on Cxy. Because there is no change for any point on axis z, when it
rotates any angular degrees around axis z, therefore, there is
(8.3) jeiθ = j
and for a real number r, there is
(8.4) reiθ = r(cosθ + isinθ)
9. Duality Property of Hyper Space Complex Numbers
In this section, we will discuss the duality property of hyper space complex
numbers.
Let us rewrite the expression of hyper space complex numbers in formula(1.1).
c2 = a0 + i1a1
c3 = a0 + i1a1 + i2a2e
i1θ1 = c1 + i2
a2
|c1|c1
c4 = a0 + i1a1 + i2a2e
i1θ1 + i3a3e
i1θ1ei2θ2 = c2 + i3
a3
|c2|c2
...
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cN = a0 +
N−1∑
k=1
ikak
k−1∏
j=1
eijθj = cN−1 + iN−1
aN−1
|cN−1|cN−1
In the expressions above, we can see that for a real number a0, a dual imaginary
number i1a1 can be take to fome a complex number c2. The complex number c2
can be considered as a complex plane, or a real plane in two dimensions.
For the real plane c2, a dual imaginary plane i2
a3
|c2|
c2 can be take to fome a
3-dimansional space complex number c3. The space complex number c3 can be
considered as a 3-dimansional complex space, or a real a 3-dimansional space.
For the real 3-dimansional space c3, a dual imaginary 3-dimansional space i3
a3
|c2|
c2
can be take to fome a 4-dimansional hyper space complex number c4. The hyper
space complex number c4 can be considered as a 4-dimansional hyper complex
space, or a real a 4-dimansional hyper space.
So, for real n-dimansional hyper space cn, a dual imaginary n-dimansional hyper
space in
an
|cn|
cn can be take to fome a n+1 dimansional higher order hyper space
complex number cn+1. The higher order hyper space complex number cn+1 can be
considered as a n+1 dimansional hyper complex space, or a real a n+1 dimansional
hyper space. The duality property of hyper space complex numbers described the
duality property of numbers system.
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